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Abstract—For a linear code, deep holes are defined to be
vectors that are further away from codewords than all other
vectors. The problem of deciding whether a received word is a
deep hole for generalized Reed-Solomon codes is proved to be co-
NP-complete by Guruswami and Vardy. For the extended Reed-
Solomon codes RS;(F,, k), a conjecture was made to classify
deep holes by Cheng and Murray. Since then efforts have been
made to prove the conjecture, or its various forms. In this paper,
we classify deep holes completely for generalized Reed-Solomon
codes RS,(D,k), where p is a prime, |D| > k > 21, Our
techniques are built on the idea of deep hole trees, and several
results concerning the Erdos-Heilbronn conjecture.

Index Terms—Reed-Solomon codes, Erdos-

Heilbronn conjecture, MDS conjecture.

deep hole,

I. INTRODUCTION

REED-SOLOMON codes are of special interest and im-
portance both in theory and practice of error-correcting.
Definition 1: Let I, be a finite field with ¢ elements and
characteristic p. Let D = {ay, ..., a,} C F, be the evaluation
set and v; € IF:;, 1 <€ i@ < n, be the column multipliers.
The set of codewords of the generalized Reed-Solomon code
RS, (D, k) of length n and dimension k over F, is defined as

RS (D, k) ={(vif(a1),...,vnf(an)) € Fy | f(z) € Fylz],
deg(f) <k —1}.

We will write generalized Reed-Solomon codes as GRS
codes for short. If D = IFZ, it is called primitive. If D = T, it
is called singly-extended. A GRS code is called normalized if
its column multipliers are all equal to 1. In this paper, we will
work on normalized GRS codes without loss of generality.

The encoding algorithm of the GRS code can be described
by the linear map ¢ F(’j — Fy, in which a message
(a1,...,ax) is mapped to a codeword (f(a1),..., f(an)),
where f(z) = apz® "'+ ap_12¥ "2 + -+ + a1 € Fylz].
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The Hamming distance between two words (vectors) is the
number of their distinct coordinates. The error distance of a
received word u € [y to the code is defined as its minimum
Hamming distance to codewords. The minimum distance of a
code, which is denoted by d, is the smallest distance between
any two distinct codewords of the code. The covering radius
of a code is the maximum distance from any vector in K¢
to the nearest codeword. A deep hole is a vector achieving
the covering radius. A linear code [n, k], is called maximum
distance separable (in short, MDS) if it attains the Singleton
bound, i.e.,d = n—k-+1. GRS code is a linear MDS code, and
its minimum distance is known to be n—k+1 and the covering
radius is n — k. Thus for the GRS code, u is a deep hole if
d(u, RS¢(D,k)) = n — k. A linear code can be represented
by a generator matrix. In this paper, we assume that the rows
of a generator matrix form a basis for the code.

A. Related work

Efforts have been made to obtain an efficient decoding
algorithm for GRS codes. Given a received word u € IF;’,
if the error distance is smaller than n — \/%, then the list
decoding algorithm of Sudan [18] and Guruswami-Sudan [§]
solves the decoding in polynomial time. However, in general,
the maximum likelihood decoding of GRS codes is NP-hard
[9].

We would like to determine all the deep holes of the code.
To this end, given a received word u = (u1, ua, ..., u,) € Fy,
we consider the following Lagrange interpolating polynomial

n
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where D = {a1,...,a,} is the evaluation set. The Lagrange
interpolating polynomial is the unique polynomial in F,[z] of
degree less than n that satisfies u(cy;) = u;,1 < @ < n. In
this paper, we say that a function u(x) generates a vector u €
Fy if u = (u(a1),u(az),. .., u(ay)). We have the following
conclusions:
1) If deg(u) < k — 1, then u € RS,(D, k) by definition
and d(u, RSy(D,k)) =0.
2) If deg(u) = k, then it can be shown that u is
a deep hole by the following proposition [10], i.e.,
d(u, RSq(D,k)) =n — k.
Proposition 1: ([10]) For k < deg(u) < n—1, we have the
inequality

n — deg(u) < d(u, RSq(D, k)) <n—k.



When the degree of w(z) becomes larger than k, the
situation becomes complicated for GRS codes. However, in
the case of singly-extended GRS codes, the situation seems to
be much simpler. Cheng and Murray [5] conjectured in 2007
that the vectors generated by polynomials of degree k are the
only possible deep holes.

Conjecture 1: ([5]) A word u is a deep hole of RS, (F,, k)
if and only if deg(u) = k.

There is an analogous conjecture for deep holes of primitive
Reed-Solomon codes by Wu and Hong [22].

Conjecture 2: ([22]) A word u is a deep hole of RS, (Fy, k)
if and only if:

u(x) = az® + fep1(x),a # 0;

or
u(z) = bard ™2 + f<k—1(x),b # 0;

where f<y_1(z) denotes a polynomial with degree not larger
than k — 1.

Cheng and Murray [5] proved the following result by
reducing the deep hole problem to the existence of rational
points on a hypersurface over F,.

Theorem 1: ([5]) Let u € F such that 1 < A := deg(u) —
k<q—1—Fk If ¢ > max(k™¢ A% ) for some constant
€ > 0, then wu is not a deep hole.

Following a similar approach of Cheng-Wan [6], Li and
Wan [12] improved the above result with Weil’s character sum
estimate.

Theorem 2: ([12]) Let u € F{ such that 1 < A := deg(u) —
k<q—-1—-k If
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q > max((k +1)%, A*T) k> (E + 1A+ - +2

for some constant € > 0, then u is not a deep hole.

Then Liao [14] proved the following result:

Theorem 3: ([14]) Let r > 1 be an integer. For any received
worduEIFg,r<A::deg(u)—k<q—l—k:, if
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q > max(2 (k ;— T) + A, AT k> (g +1)A+
€

for some constant € > 0, then d(u, RS;(Fq. k) <qg—k—r,
which implies that u is not a deep hole.

Cafure, Matera and Privitelli[4] proved the following result
with tools from algebraic geometry:

Theorem 4: ([4]) Let u € F such that 1 < A := deg(u) —
k<qg—1-Fk.If

q > max((k +1)%, 14A%7¢) k > (2 +1)A,
€

for some constant € > 0, then u is not a deep hole.

Using Weil’s character sum estimate and Li-Wan’s new
sieve [11] for distinct coordinates counting, Zhu and Wan [24]
showed the following result:

Theorem 5: ([24]) Let r > 1 be an integer. For any received
word u € F,r < A = deg(u) — k < ¢ — 1 — k, there are
positive constants ¢; and ce such that if

A+r
d < cqt?, (T +1)logy(q) < k < c2q,

then d(u, RS,(Fy,k)) < ¢ — k — r, which implies that u is
not a deep hole.

Recently, Wan and Keti [20] obtained some new results
about deep holes of Reed-Solomon codes based on Dickson
polynomials. Li and Zhu [13] found some new families of
deep holes by reducing the task to solving certain systems of
equations over finite fields.

The deep hole problem for Reed-Solomon codes is also
closely related to the famous MDS conjecture in coding theory.
On one hand, GRS codes are MDS codes. On the other hand,
it is known that all long enough MDS codes are essentially
GRS codes. Following the notation of [15], let Ny, (k, ¢) be
the minimal integer, if any, such that every [n, k] MDS code
over Fy with n > Npin(k, ¢) is GRS and be g+ 2 if no such
integer exists. For the case of k = 3, Segre [16] obtained the
following result:

Theorem 6: ([16]) If ¢ is odd, every [n,3] MDS code over

F, Withq—E <n<g+1is GRS.

When ¢ = p is a prime, Voloch [19] obtained the following
result:

Theorem 7: ([19]) If p is an odd prime number, every [n, 3]
MDS code over F,, with p — Ea +2<n<p+1is GRS.

Further, there is a relation for Ny,in (k+1, ¢) and Npyin(k, )
[15] as follows:
Lemma 1: ([15]) For 3 < k < g — 2, we have

Nmin(k + 1aq) < Nmin(k7Q) +1.

Ball [2] showed the following result:

Theorem 8: [2] Let S be a set of vectors of the vector space
]F’qf , with the property that every subset of .S of size k is a basis.
If|S|=gq+landk<por3<q-p+1<k<qg—2
where p is the characteristic of I, then S is equivalent to the
following set:

{(L,o,0?,. ., " Y [aeFU{(0,...,0,1)}

B. Our result

In this paper, we classify the deep holes in many cases.
Firstly, we show:

Theorem 9: Let p > 2 be a prime number, k > %7 D =
{a1,a9,...,a,} with k& < n < p. The only deep holes of
RS, (D, k) are generated by functions which are equivalent to
the following:

fs(@) = %57

_ .k

f(ﬂ?) =T, T

where 6 € F, \ D. Here two functions f(x) and g(z) are
equivalent if and only if there exists a € F;, and h(z) with

degree less than & such that
9(x) = af(z) + h(z).

Our techniques are built on the idea of deep hole trees, and
several results concerning the Erdos-Heilbronn conjecture. We
also show the following theorem based on some results of
finite geometry.

Theorem 10: Given a finite filed IF, with characteristic p >
2, we have



DIfk+1<por3<g—p+1<k+1<q—2, then
Conjecture 1 is true.

+1 . .
2) f3<k< L, then Conjecture 2 is true.

3) If3<k< i% and g = p is prime, then Conjecture 2
is true.

This paper is organized as follows: Section II presents some
preliminaries; Section III describes the idea of the deep hole
tree; Section IV demonstrates the proof of Theorem 9; Section
V gives the proof of Theorem 10.

II. PRELIMINARIES
A. A criterion for deep holes of RS codes

By definition, deep holes of a code are words that has a
maximum distance to the code. In the case of RS codes, there
is another way to characterize the deep hole as follows. The
following is well known:

Proposition 2: Let F, be a finite field with characteristic p.
Suppose G is a generator matrix for a RS code C' = [n, k],
with covering radius p = n — k, then u € Fy is a deep hole

of C if and only if
G = G
u

generates an MDS code.
We provide a proof for the sake of completeness.

Proof: = Suppose u is a deep hole of C' = [n, k|,, we
need to show that G’ is a generator matrix for another MDS
code. Equivalently, we need to show that any k£ + 1 columns
of G’ are linearly independent.

Assume there exist k + 1 columns of G’ which are linearly
dependent. Without loss of generality, we assume that the
first £ 4+ 1 columns of G’ are linear dependent. Consider the
submatrix consisting of the intersection of the first k£ + 1
rows and the first & + 1 columns of G’. Hence there exist
ai,...,ay € Fy, not all zero, such that

(U1, Ukg1) = Q1T kg1 + -+ QTR k15

where r; 41 is the vector consisting of the first £+ 1 elements
of the i-throw of G for 1 < i < k. Letv = ayr1+---+agr, €
C, where r; is the i-th row of G for 1 < i < k. We have

dlu,v) <Kn—(k+1) <p,

which is a contradiction with the assumption that u is a deep
hole of C.

< Now suppose G’ is a generator matrix for an MDS code,
i.e., any k+1 columns of G’ are linearly independent. We need
to show that d(u,C) =n — k.

Assume that d(u,C) < n — k. Equivalently, there exist
ai,...,ar € Fg such that w and v = a7y + - - - + agry have
more than k£ common coordinates, where r; is the i-th row of
G for 1 < i < k. Without loss of generality, we assume that
the first k£ + 1 coordinates of w and v are the same. Consider
the submatrix consisting of the first £ 4+ 1 columns. Since the
rank of the matrix is less than k + 1, thus the first £ + 1
columns of G’ are linearly dependent, which contradicts the
assumption. ]

Lemma 2: Let Dy C Dy C F,. If f generates a deep
hole for RS, (Ds, k), then it also generates a deep hole for
RS (Dn, k).

Proof: Without loss of generality, we assume that D, =
., g, }, where d; <

{Oll,...,OZdl} C Dy = {al,...,ozdl,..
do. Consider the matrix
1 1 . 1
631 Q2 Qq,
G/ = . . .
k-1 k-1 k-1
ay Qs ag,
flar)  flag) flaa,)

Since f generates a deep hole for RS (D3, k), we conclude
that any k + 1 columns of G’ are linearly dependent by
Proposition 2. This implies that any k 4+ 1 columns from
the first d; columns of G’ are linearly dependent, which is
equivalent to that f generates a deep hole for RS,(D1, k) by
Proposition 2 again. [ ]

B. Some additive combinatorics results

In this section, we introduce some additive combinatorics
results that we will use later. The first theorem is about the
estimation of the size of restricted sum sets, which was first
proved by Dias da Silva and Hamidoune [17]. Then Alon,
Nathanson and Ruzsa [1] gave a simple proof using the
polynomial method.

Theorem 11: ([17], [1]) Let IF be a field with characteristic
p and n be a positive integer. Then for any finite subset S C F
we have

[n*S| > min{p,n|S| — n?® + 1},

where n*S denotes the set of all sums of n distinct elements
of S.

Brakemeier [3], Gallardo, Grekos and Pihko [7] established
the following theorem:

Theorem 12: ([3], [7]) Let n be a positive integer and S C
Z/nZ. If |S| > & + 1, then

2NS = Z/nZ,

where 2" S denotes the set of all sums of 2 distinct elements
of S.

Hence we have the following corollary:

Corollary 1: Let ), be a prime finite field, S C F,. If
|S| > XL, then each element of I3 is the product of two
distinct elements of S.

Proof: Let g be a generator of F. Let

S' = {elg° € S} C Z/(p— 1)Z.

For any given element oo = ¢g® € [, we need to show that
there exist two distinct elements b # ¢ such that

9" =9"¢",
where b, c € S’. This is equivalent to
a=b+c,

which follows from Theorem 12. |



III. CONSTRUCTION OF THE DEEP HOLE TREE

Let Fy = {on,as,- -+ ,aq = 0}. The polynomials in [F[z]
of degree less than ¢ form a IF-linear space, with a basis

k q—1

..,H(CE—O@)}.

i=1

Given a polynomial f(x) € F,[z] with degree ¢ — 1 we have

k q—1
fl@) =1(z) +c1 _H(o: — o)+t gk H(x — ),

where [(x) is of degree less than k. We want to determine
when f(x) generates a deep hole. By Proposition 2, f(x)
generates a deep hole of RS, (F,, k) if and only if

o[

generates an MDS code, where G is the generator matrix of
RS,(Fy, k), and uw = (f(a1),..., f(ag))-

From Lemma 2, we conclude that a function that generates
a deep hole for RS,(Ds,k), also generates a deep hole
for RSy(D1,k) if Dy C Ds. Instead of considering the
deep holes for RS,(F,, k) at the first step, we consider a
smaller evaluation set at the beginning and make it increase
gradually. To be more precise, we first determine c; over
Dy = {oa,...,akt1}, then we determine cp over Dy =
{a1,..., a2} based on the knowledge of ¢, so on and so
forth. We present the result as a tree, which we will call a
deep hole tree.

Remark 1: Wu and Hong [21] showed that if D = T, \
{B1,...,Bs} then fg,(x) = ﬁ generates a deep hole for
RS,(D, k), where 1 < ¢ < s. Zhang, Fu, and Liao [23] got
the same result using a different method. We can also deduce
this from Proposition 2. We will call these deep holes, together
with deep holes generated by functions of degree k, expected
deep holes.

Motivated by Remark 1, we first construct the expected deep
hole tree for RS,(D, k) as follows:

o The root node is 1 without loss of generality, i.e., c; = 1.
o There are p—k—1 branches of the tree, each with distinct
length in [2,p — k]. And we designate the sequence of
nodes in a branch with length [ as b;.
- If l=p—k, then b, = {1,0,...,0}.

-If2<I<p—k—1,then b = (cy,...,¢), where

f= ﬁ is equivalent to ¢; [[;_;(z — o) +
k+i—
et a T @ — ).

Proposition 3: The expected deep hole tree is a part of the
full deep hole tree.
Proof: This follows from Remark 1. |
Now we can construct the full deep hole tree based on the
expected deep hole tree.

o The root node is 1 without loss of generality, i.e., c; = 1.
o The children {c;{1} of anode ¢;,1 <i<p—k—1 are
defined as follows: given the ancestors (cq,...,c¢;), for

0 <= .{1,2,3}

< ,{1,2,3,4}

< ¢3,{1,2,3,4,5}
= e1,{1,2,3,4,5,6}
<c5,{1,2,3.4,5,6,7}

Fig. 1: Expected deep hole tree for p =7,k = 2

<=, {1,2,3}
< ,{1,2,3,4}
< c35,{1,2,3,4,5}
<cy,{1,2,3,4,5,6}
<¢5,{1,2,3,4,5,6,7}

Fig. 2: Full deep hole tree for p =7,k =2

v € IFp, if v is the child of ¢; in the expected deep hole
tree, then keep it; otherwise, if

k kti—1 ket
cln(cc—ozq;)+~~-+ci H(x—ai)—k'yH(x—ai)
i=1 i=1 i=1

satisfies the property of the function which generates a
deep hole as in Proposition 2, then ~ is a child of ¢;.

That is, we keep the nodes of the expected deep hole tree
and add additional ones if necessary. Now we illustrate the
procedure to construct the deep hole tree by some examples.
Example 1: Let p =7,k = 2. The evaluation set is ordered
such that a; = 7,1 < 7 < 7. The expected deep hole tree is
shown in Figure 1.
Remark 2: We notice the following in Figure 1:

1) The root corresponds to the evaluation set D; =
{1,2,3}. The expected deep holes are generated by
functions equivalent to H?Zl(:v —1).

2) In depth 2, the evaluation set is Dy = {1,2,3,4}. One
of the expected deep holes is generated by the function
12, (z — i)+ [T>_, (x — %), which is equivalent to f5 =

1

3) fn gepth 3, the evaluation set is D3 = {1,2,3,4,5}. One
of the expected deey holes is generated by the function
[T, (z— i) +4TT_, (x — i) + 4], (z — i), which is
equivalent to fg = —¢.

4) In depth 4, the evaluation set is Dy = {1,2,3,4,5,6}.
One of the expected deep holes is generated by the
function T[> (z — @) + 5[ (z — i) + 6 [y (z —
i)+6 H?Zl(m — ), which is equivalent to fo = 1.

5) In depth 5, the evaluation set is D5 = {1,2,3,4,5,6,7}.
One of the expected deep holes is generated by the
function [-_, (z — 9).

Example 2: Let p = 7,k = 2. The evaluation set is ordered
such that a; = ¢,1 < ¢ < 7. The full deep hole tree is shown
in Figure 2.

Remark 3: There are four more nodes here than the expected
deep hole tree. They are all in depth three.




<=c.{1,2,...,6}
<=, {1,2,...,7}
< c3,{1,2,...,8}
<=y, {1,2,...,9}

<5, {1,2,...,10}

<05, {1,2,..., 11}

Fig. 3: Expected and full deep hole tree for p =11,k =5

1) The first additional deep hole is generated by the func-
tion [T7_, (x —é) + [[;— (& — §) + 3] Tj—y (= — ).
2) The second additional deep hole is generated by the
function [T, (z — i) + [[o_, (& — @) + 6 [T1—, (x — 4).
3) The third additional deep hole is generated by the
function [T-_, (& — i) + 5 [[omy (& — i) + 1oy (2 —4).
4) The fourth additional deep hole is generated by the
function H?Zl(cc —i)+5 H?Zl(x —i)+3 H?:l(:l: —1).
Example 3: Let p = 11, k = 5. The evaluation set is ordered
such that o; = 7,1 < ¢ < 11. The expected deep hole tree
and full deep hole tree are shown in Figure 3, which are the
same.

IV. PROOF OF THEOREM 9

We first present several lemmas.

Lemma 3: In depth d = 2, the nodes are the same in both
the expected deep hole tree and the full deep hole tree.

Proof: In depth d = 2, the evaluation set is D =

{a1,09,...,ar2}. Designate the set of nodes in depth 2
of the expected deep hole tree as S. Firstly, we show that
|S| = p—(k+1). This follows from the fact that the equivalent
functions of the form

k k+1
f(z) = H(w — ;) + e H(x — ), cg €Fy,
i=1 i=1

for f = z* and fs5(x) = -5 take the same value at 3 €
D\ {42} but pairwise different values at a2, Where § €
F,\ D.

Next, we show that if co ¢ S then f(x) = Hle(az —a;)+
2 Hfill(x — «;) does not generate a deep hole. Consider the
following matrix

1 1 ... 1
o1 (6] Q42
G = : : )
k-1 k-1 k—1
Qq Qo Qpio
flar)  flaz) flakt2)

where f(a;) = 0,1 < i < k, flags1) = [Ty (s —

i), flonra) = [Ty (g — ) + ca [T (o — ).
If f(agy2) =0, ie., co = ETE——— then there are k + 1

columns of GG, namely, the first k£ columns and the last column,

which are linearly dependent. Thus f(z) does not generate a

deep hole in this case. In the following, we assume f(ay12) #

0. For any k — 1 elements {81,...,8k-1} C {a1,...,ax},
consider the submatrix
1 e 1 1 1
e31 o Br-1 g Qpt2
Gl = N . .
k— k— k-1 h—
1 o Br % iy ak+%
0 - 0 flags1) flowto)
Thus det(G’) = 0 is equivalent to
k—1 k—1
Flasr) [T (ansa = Bi) = flanso) [ ] (ansr = B,
i=1 i=1
that is,
k—1
flaria) H g2 — B
flokr) 2% o — B
k—1 N N
k+2 — Qg1
Z.I;Il( k1 — Bi )
Hence for each subset of {81,...,8k—1} C {a1,...,ax},

there is a unique co such that det(G’) = 0.

In total, there are k + 1 elements of candidate ¢ such that
the corresponding f(z) does not generate a deep hole. This
implies that if c; ¢ S then f(x) does not generate a deep
hole.

In conclusion, in depth d = 2, the nodes in the full deep
hole tree are exactly those in the expected deep hole tree. W

Lemma 4: Let p be an odd prime, k > %,d > 2 be a
positive integer and Dy = {a, ..., akt+a} C Fp, 0 € F,\ Dy.
For any v € F,,, there exists a subset {31, ..., 8r} C Dy such
that the matrix

B - B 0
a=| AN

k—1 k—1 _

1 b gk—1

Bis ' B 7

is singular.
Proof: Note that det(A) = det(A’) 4 det(A”), where

1 . 1 1 1 e 1
B - B 0 B - B
A = : : : : A = : . :
k-1 k—1 51{— 1 k-1 k-1
1 k 1 k
1 1 0 1 1

B1—0

2 OO OO



Since

is singular.

k Proof: Note that det(B) = det(B’) 4 det(B”), where
118 —6)det(a) | 11
i=1
b1 Bk d
B1 Br 1 , ) . )
2 2 25 B = : . . )
! k k—1 k—1 6k_1
= : : 1 k
: : : 1 1 1
T Br kékt Bi—o Br—0  5-0
1 1 0 1 1 0
1 1 1 B1 Br 0
B1 Bk w B = : : 0
=(—1)F— d lo5s r P k-1 k-1 0
dr | . . . =65 11 kl 1
' W B -y 1T
k gk gk '
1 k Since i
k
:(_mdi T 6 -60[[-6)]| . (6~ ) L8 — &) det(B")
v 1<i<j<k i=1 =5 i=1
b1 Br 9
thus 2 2§52
1 k
det(d) = ——— T (3 - 01 |[[w-5) 1 Y
Hf:1(5i —9) 1<i<j<k dz i=1 z=6 f I/i "
X 1 1 1
(—l)k k k 1
R VR () o L1
[z (B = ) 1<i<j<k i=1 i=1 51 Br 6
LA (—1)* AT P
= 1 =) 55 z L
1<i<j<k i=1
’ Bt By o
It follows that &
det(A) = det(A') + det(4") EIEN | BRCIEOY § (R
k 1<i<j<k i=1
= H (B; = Bs) Z we have
1<i<j<k i=1 1<z<]<k det(B/)
Hence det(A) = 0 is equivalent to (1) &
k = k H H (6= Bi)
Z = 0. (6 =) L= (Bi = &) 1<i<j<k i=1
=1 1
Designate the set {mwi € Dy} as S; with cardinality 5 _ & 1<1:[<k =B H ﬁ 5”
k +d. Since prl < k,2 < d, from Theorem 11, we conclude SEIS
that . ) and 1
|k S1| = min{p, k|S1| — k° + 1} det(B") = (v — m) H (B; — Bi)-
=p, 1<i<j<k
which implies that for each y € F,, there exists a subset Hence
{B1,-.., Bk} C Dy such that Zf 1 616 —|—7—0 [ | det(B)

Lemma 5: Let p be an odd prime, k > 2 Ld>2bea _ 5 (6 —6) -1
positive integer and Dgi1 = {aq,. .., Qprd41 = (5} C F,. = H (5 Bi) 5 _ 5, H 5 — 5, 5_o
For any 0’ € F,,8' ¢ Dyi1,7 € Fp, v # 575, there exists a 1<i<j<k
subset {$31,..., 8k} C Day1 \ {0} such that the matrix H1<2<]<k H _ o)1

1 1 1 0—0 Bl - 5’
0
B 5.1 B‘k It follows that det(B) = 0 is equivalent to
= : : : )
k—1 k-1 sh1 )
h O [[0+5—5)=1-26-
B1—0 Br—d" v i=1 g



If |Dy| =k+2,let P = Hf;rf(l + O‘j_/:g, ). From Corollary
1, there exist two distinct elements z,y € Dy such that (1 +
[ —5)(1 + 5 —6) — %’ hence

x—0' y—o'
)
[ a+53=
Bi€Da\{z,y} !
) )
=1—7(5 -9,

for any ~ # ﬁ.
If |Dg| > k + 2, we select a subset D’ C Dy such that
|D’| = k + 2, then apply the same argument as above. [ |
Lemma 6: Let p be an odd prime, k& > p%,d > 2bea
positive integer and Dgi1 = {ou,...,Qptd+1 = 0} C Fy.

For any v € F,, v # &%, there exists a subset {1, ..., 8k} C
Dgiq \ {6} such that the matrix
1 e 1 1
B Bk 4
o= i
{c—.l lkc—l sk—1
Bt BE
is singular.
Proof: Note that det(C) = det(C") + det(C"), where
1 1 1
B Br 4
Cl — : . :
k-1 kel ket
BY A
1 ... 1 0
f Br 0
=1 : 0
A A
6 By -6
Since
k
det(C") = [ B, -8)][0 -8,
1<i<j<k i=1
det(C”) = [[ (8 =By —d"),
1<i<j<k
we have
1 k

det(C) = | [(6 - Bi) +~ — &~
ngi<j§k(ﬁj - ﬁi) ]‘;[1
Thus det(C) = 0 is equivalent to

k

[[6-5)=5" -~

i=1

If |Dy| = k+2,let P = Hf:f (6—a;). From Corollary 1, there
exist two distinct elements x, y € Dy such that (6—x)(d—y) =

P
6k —"

Hence,

[I ©G-8)=6-

Bi€Da\{z,y}

for any v # §*.

If |Dg| > k + 2, we select a subset D’ C Dy such that
|D’'| = k + 2, then apply the same argument as above. ]

Now we prove Theorem 9.

Proof: (of Theorem 9) Proceed by induction on the depth

of the full deep hole tree.
Basis case. This follows from Lemma 3.
Inductive step. We need to show that if the set of nodes of
the full deep hole tree coincide with the nodes of the expected
deep hole tree in the same depth d > 2, then there are no ad-
ditional nodes in depth d+1 except the expected ones. Denote
the corresponding evaluation set by Dy = {a1,..., @44} in
depth d and Dgy1 = {o1,...,Q)td, Wktd+1 = 0} in depth
d+ 1. In order to show there are no new nodes in depth d+ 1,
There are three cases to consider.
Case 1: We need to show the branch, which is corresponding
to the function f = ﬁ, will not continue in the depth d+ 1.
It suffices to show that there exists a subset {31,...,0:} C

{a1,...,ar+q} such that for any v € F), and matrix
1 . 1 1
B o Bk 4
A= | : s
fl—l . Zl—l §k-1
e SRR S

we have det(A) = 0. This follows from Lemma 4.

Case 2: We need to show that the branch, which is cor-
responding to the function f = —s, where &' ¢ Dgi1,
has only one child in depth d + 1. It suffices to show that
there exists a subset {f1,...,08,} C Dy such that for any
§' ¢ Dat1,7 € Fp,v # 515 and matrix

B - Br ]

k— k— _

r L k1 L ogk—1
Bi—o' B

we have det(B) = 0. This follows from Lemma 5.

Case 3: We need to show that the branch, which is correspond-
ing to the function f = ¥ has only one child in each depth. It
suffices to show that there exists a subset {f1,..., 8k} C Dy
such that for any v # ¢ and matrix

B B b
c=| o

R

B B A

we have det(C') = 0. This follows from Lemma 6.
From the principle of induction, the theorem is proved. W
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Proof: There are 3 cases to prove.
Case 1. Let RS, (F,, k) be an extended GRS code over the
finite field F, whose characteristic p is odd. Let one of its
generator matrix be

1 1 1
(65} (65 Qg
2 2 2
(% [e% (%
G 1 2 a |,
k—1 k—1 k—1
(6%} Qo Oéq

where o, ..., q, are distinct element of F,,.
Suppose that a word u € F? is a deep hole of RS, (Fy, k).
From proposition 2, this is equivalent to the fact that

]

generates another linear MDS code, where

G =

u=(u1,us,...,uq).

Thus the set

S:{Cl,...,Cq}U{(07~~~7071)}7

where c; is the i-th column of G’ for 1 < ¢ < g, has size ¢+1
and has the property that every subset of S of size k+ 1 is a
basis.

Since k+1<por3<qg—p+1<k+1<qg—2, by
Theorem 8, we deduce that S is equivalent to the set

{(1,a,02,...,0") |a e T U{(0,...,0,1)}.
Thus we conclude that
u(x) = ax® + f<k-1(x),a # 0;

where f¢r_1(x) denotes a polynomial with degree not larger
than k£ — 1.

Case 2. Firstly, we get an estimation of Ny, (k, ¢). Combining
Theorem 6 and Lemma 1, we conclude that

Nmin(ka Q) < Nmin(37 Q) + k - 3
Va7
4

[q— I+k-3

NN

q—1.

Now let G be a generator matrix of RS,(Fy, k) of the
following form

1 1 1
(e%] (6% Qg1
2 2 2
— (e (e o
G= 1 2 q ,
k—1 k—1 k—1
al a2 B aq_l

where v, ..., a4 are distinct elements of ;. From propo-
sition 2, a word u € F~! is a deep hole of RS,(F;, k) if

and only if
G = G
U

generates another linear MDS code Cs, where

u = (ug,ug,...,uq—1).

Since C; is of length ¢ — 1, thus the matrix G’ is equivalent
to a Vandermonde matrix of rank k£ + 1. Notice that G is
the given Vandermonde matrix of rank k. Thus there are two
possibilities of w, i.e., its Lagrange interpolation polynomial
satisfies the following conditions:

uy(z) = az® + fep—1(x),a # 0;

or
ug(z) = b2 + fk—1(x), b # 0;

where f<r—_1(z) denotes a polynomial with degree not larger
than k — 1.

To show that us () satisfies the condition, we prove that the
submatrix U consisted of the first £+ 1 columns of G’ is non-
singular without loss of generality. Since the vector generated
by f<k—1(x) is a linear combination of the k row vectors of
G, thus

1 1 - 1
o551 (&) k41
2 2 2
ai Q3 Qi1
bdet(U) = . . .
k—1 k—1 k—1
Qq Qo Qg
q—2 q—2 q—2
a; ay Y1

Since a;ﬁl =1for1<i<k+1, we have

a1 Qg O41
k1 O‘% 0‘% a%+1
b[Jeidet)y=1]: =+ -
=t af af oo afy
1 1 ... 1
Hence
k41
b[[esdet(U) = (-1 [ (0 — ).
i=1

1<i<j<k+1

Thus det(U) # 0, which implies U is non-singular.
Case 3. This is similar with the proof of case 2 and we will
make use of Theorem 7. [ ]

VI. CONCLUDING REMARKS

In this paper, we classify deep holes completely of the
generalized Reed-Solomon codes RS, (D, k) for the case that
p is a prime and k£ > %. If pis a prime and k < ”2;1,
then the problem of classifying deep holes is still kept open.
On the other hand, we suspect that a similar result holds over
finite fields of composite order, and leave it as another open

problem.
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