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Abstract

We present two deterministic polynomial time algorithms for the fol-
lowing problem: check whether a sparse polynomial f(x) vanishes at a
given primitive nth root of unity (,. A priori f(¢») may be nonzero
and doubly exponentially small in the input size. The existence of a
polynomial time procedure in the case of factored n was conjectured by
D. Plaisted in 1984, but all previously known algorithms are either ran-
domized, or do not run in polynomial time.

We apply polynomial zero testing algorithms to construct a nondeter-
ministic polynomial time algorithm for the torsion point problem (TP).
The problem TP is a particular case of the feasibility problem for a system
of polynomial equations in complex numbers (coefficients of polynomials
are integers). In the problem TP all coordinates of a solution must be
roots of unity.

Key words: algorithm, cyclotomic polynomial, root of unity, sparse
representation

1 Introduction

Let ¢, = €2™/™ be an nth primitive root of unity. A vanishing sum of roots of
unity has the form

n—1
Z%‘Q{ =0 (1)
j=0

where the coefficients a; are integers.
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There are many classification results on vanishing sums of roots of unity.
Rédei [17] and Schoenberg [19] described the lattice of coefficients of vanishing
sums (see also Rédei [16], de Bruijn [4], Lam and Leung [13]). Conway and
Jones [7] gave a lower bound on the size of the support set of a minimal vanishing
sum with nonnegative coeflicients. The paper by Lam and Leung [13] contains
an exact characterization of the set of £'-norms of vectors of the coefficients
of vanishing sums with nonnegative coefficients. Steinberger [21] developed a
method for construction of minimal sums with large coefficients.

In this paper we examine the algorithmic aspects of zero testing of sums of
roots of unity and consider the following problem. Given an integer n, a finite
support set J of natural numbers and a set of integer coefficients a;, j € J check

the equality
> a4 =0. (2)
jeJ
Hereafter we call this problem the cyclotomic test (CT for brevity), or sparse
cyclotomic integer zero testing, as Zje] ajg; is an algebraic integer in the cy-
clotomic field Q(¢,).
Due to the irreducibility of cyclotomic polynomials ®,,(x), the equality (2)
is equivalent to the divisibility of a sparse polynomial

fl@)=> aa’ (3)

jeJ

by the cyclotomic polynomial ®,(z). Note that @, (z) | (™ — 1) and it is easy
to compute f(z) mod (z™ — 1). For this reason hereafter we assume without
loss of generality that deg f(z) < n.

A sparse representation of a polynomial f(z) = Z?:o ajz’? with integer
coefficients is a list of pairs (a;, j) for a; # 0. The length of the list (i.e. the
number of nonzero terms in the polynomial) is called sparseness and is denoted
by sps(f). Integers in a sparse representation are written in binary. The support
set suppa of a vector a = (aq,...,aq)T is a set {j : a; # 0}. The height H(f)
of f is max;ey|a;j| + 1. So the size of a sparse representation of a polynomial
f(x) is O(sps(f)(log H(f) + log(2 + deg f))).

The decision problem CT is stated formally as follows. The input is a sparse
representation of a polynomial f(x) and an integer n written in binary, deg f <
n. The output is ‘Yes’ if f({,) = 0 and ‘No’ otherwise.

Our main concern is an efficient (i.e. polynomial time with respect to the in-
put size) algorithm for the problem CT. Note that the sparseness sps(f) and the
maximal bit length of integers contained in the input L = max(log H(f), log(2+
deg f),logn) do not exceed the input size. We will use the parameters sps(f),
L and logn in bounds of running time below.

1.1 Previous work

The standard algorithm for divisibility of polynomials runs in exponential time
w.r.t. the input size of the problem CT. Nonetheless it is shown by Plaisted [15]



that CT is in co-NP (the related problem is called SPARSE-POLY-NONROOT
there).!

Note that a linear combination of roots of unity with integer coefficients is
an algebraic integer. So a straightforward way to check the equality (2) is to
compute a rational approximation of its left-hand side and then to compare it

with zero. For any o € Gal(Q((,)/Q), |o(f(Cn))| < sps(f)H(f). If f((,) is not

zero, we have

[Norm(f(¢n))| = 11 o (f(G)) = 1. (4)
o €Gal(@(C1)/Q)

Thus |£(Ca)| > 1/(sps(f)H(f))?™, where ¢ is Euler’s phi function. This
bound is known as the root separation bound. If the bound is close to being
tight, it seems that we need exponential precision, i.e. ¢(n)log(sps(f)H(f)) =
Q(nlog(sps(f)H(f))/loglogn), to tell whether a sparse cyclotomic integer is
Zero or not.

On the other hand, from the inequality (4) one can also conclude that the
absolute values of most of the conjugates of a nonzero f(¢,) are not too small. In
fact, it can be shown that if we randomly select an element o € Gal(Q(¢,)/Q),
then with probability at least 1/2, |o(f((n))| > 1/sps(f)H(f). So we can
perform zero testing of sparse cyclotomic integers in randomized polynomial
time. This idea has been used in [5, 2] to design randomized algorithm for
polynomial identity testing and zero testing of expressions involving roots of
rationals.

Note that in some cases a large conjugate can be found deterministically.
(See Theorem 2 in [6].)

To our knowledge the best deterministic zero testing algorithm prior to our
extended abstracts [6, 23] was developed by Filaseta and Schinzel (see [10, The-
orem 3]). It runs in subexponential time, provided the prime power decom-
position of n is given. More precisely, the estimate of the running time in [10]
contains a factor 2° where s is the number of prime divisors of n. The algorithm
is based on the observation that f(¢,) = 0 iff

2" — 1 divides f(x) H(a:"/p -1,

pln

also observed by Plaisted in [15].

In fact, Filaseta and Schinzel proposed in [10] an algorithm for a related
problem: to check whether a sparse polynomial f(z) is divisible by some cyclo-
tomic polynomial. In other words, whether there exists n such that (n, f(z)) is
a positive instance of the CT problem. We call this problem the general cyclo-
tomic test (GCT for brevity). The running time of the GCT-algorithm in [10]
is subexponential, it uses as a subroutine the aforementioned subexponential

IThere is even a more resolute statement in [15, p. 132]: “The author believes he has
a method for solving SPARSE-POLY-NONROOT in polynomial time if the prime factorization
of M is given.” To our knowledge this result is unpublished.



cyclotomic test. It’s worth noting that for a fixed sparseness this algorithm
runs in polynomial time.

Adding an existential quantifier usually makes a problem harder. Indeed, the
GCT is NP-hard. This result is implicitly contained in Plaisted’s theorem [15,
Theorem 5.1]2.

The result of Plaisted that CT € co-NP mentioned above implies GCT € ¥,.

A more sophisticated algorithm for GCT is described in a recent paper by
Filaseta, Granville, and Schinzel [9]. However, it uses the same subexponential
cyclotomic test. So, this algorithm cannot be applied to prove that GCT € NP.

Another type of problem related to the cyclotomic tests are specific cases
of the complex feasibility problem FEASc. The problem is to verify the satis-
fiability of a system of polynomial equations in complex numbers (coefficients
of polynomials are integers). If the system includes equations xf —1 =0 for
each variable z; then the coordinates of all solutions are roots of unity. This
specific case of the problem FEASc is called the torsion point problem (TP
for brevity)®. It was studied by Plaisted [15] for the univariate case (the TP,
problem for brevity*) and by Rojas [18] for the multivariate case. Plaisted thus
proved implicitly that TPy is NP-hard.

Koiran proved in [12] that FEAS¢c € AM under the Generalized Riemann
Hypothesis. Of course, the same inclusion holds for the TP problem. Rojas [18]
improved this result for the TP problem in various ways: TP € AM under a
weaker number-theoretic hypothesis and TP; € NPNY unconditionally. Also,
he proved that for a fixed number of variables and fixed degrees of roots of unity
the TP problem is in P.

Rojas indicated that the TP problem looks more tractable than the general
FEAS¢ problem and conjectured that TP € NP, which is unlikely for the FEAS¢
problem.

1.2 Our results

Our contribution is polynomial time deterministic algorithms for the cyclotomic
test in the case of a general (not factored) n. As a direct consequence we show
that the GCT and TP problems are in NP.

Theorem 1. CT € P.
Theorem 2. GCT € NP.
Theorem 3. TP € NP.

It follows also from previous results (Plaisted [15], Theorem 5.1 for GCT
and Theorem 3.3 for TP;) and Theorems 2 and 3 that the problems GCT and
TP (and even TP;) are NP-complete.

2Theorem 5.1 in [15] speaks about complex numbers of modulus 1 but its proof is also
valid for the roots of unity. We are grateful to an unknown referee who explained this fact to
us.

3This potential application for our methods was indicated by one of the referees.

4Note a difference between the problems GCT and TP;: the former does not specify a root
of unity at all and the latter indicates the degree of a root.



Two efficient cyclotomic tests were proposed in conference papers [6, 23].
They use different techniques and their algorithmic behavior is also different.
The matrix multiplication algorithm from [23] computes a matrix M of size
sps(f) x sps(f) and a vector f of dimension sps(f). Then it checks the equal-
ity M f = 0. The recursive algorithm from [6] applies the divide-and-conquer
approach and reduces an instance of the CT problem to a number of smaller
instances.

It is worth noting that the algorithms share some common features. They
use a partial prime decomposition to avoid factorization of n. Also they can
be expressed in terms of operations with sparse vectors of exponentially large
dimension. More exactly, the algorithms can be applied to a more general
problem, which we call cyclotomic array testing (CAT) see Section 4.

The paper is organized as follows. Section 2 contains an exposition of the
matrix multiplication algorithm. Section 3 presents the recursive algorithm. In
Section 4 we introduce the cyclotomic array testing problem and modify our
algorithms to solve it. Section 5 contains the proof of Theorem 3. In the final
Section 6 we discuss open questions related to zero testing.

2 Matrix multiplication algorithm

We start from an informal outline of the algorithm.

To solve an instance (n, f(z)) of the CT problem one checks the equality
f(¢y) = 0. Recall that we restrict the problem to the case deg f < n. The poly-
nomials of degree < n form a linear space. Polynomials that vanish at (,, form
a subspace of this space (the space of vanishing sums). So one can regard the
CT problem as a specific case of typical computational linear algebra problem:
does a vector belong to a subspace? Standard linear algebra techniques are too
expensive to work here as the vector and the space involved have exponential
dimension w.r.t. the input size.

Nevertheless, it is possible to reduce dimensions. This reduction is based on
a specific structure of the space of vanishing sums. Namely, the space of poly-
nomials of degree < n admits a structure of a tensor product of polynomially
many spaces of polynomial dimension and the space of vanishing sums has a
convenient description in terms of this tensor product (see the exact statements,
especially Theorem 4, in Subsection 2.1). This description is well-known (it ap-
pears in different forms in [13, 19, 21]). We need to reformulate this description
in order to characterize the space of vanishing sums as the kernel of a tensor
factored operator (see Subsection 2.2).

To avoid factorization of n we need to modify the operator taking into ac-
count the sparseness of the polynomial f. This argument is explained in Sub-
section 2.3 (see Lemma 6). Yet all these steps do not change the dimensions.
A way to truncate dimensions is based on a simple technical trick which is also
explained in Subsection 2.3.

Finally, in Subsection 2.4 we give a description of the matrix multiplication
algorithm.



The algorithm admits variations by changing operators in the tensor prod-
uct. We adopt a choice corresponding to an earlier version of the algorithm
(see [23]). Thus the algorithm description in [23] coincides with the description
in Subsection 2.4.

2.1 Space of vanishing sums

Let
n=pp Py ..y (5)

be the prime power decomposition of n. For a positive integer n let V,, be the
group Q-algebra for the cyclic group of order n. Basically, we will consider V,,
as an n-dimensional vector space over the field Q of rationals equipped with
the canonical basis {eg,e1,...,e,—1}. Sometimes we will identify V,, with the
quotient ring Q[t]/(t™ — 1) (see Lemma 1 below). In these cases we assume an
isomorphism between V;, and Q[¢]/(t" — 1) that maps e; to /.

Let ¢: V;, — Q[¢,] be an evaluation map — a Q-linear map acting on the
basis vectors by the rule

oler) = ¢ (6)

We use notation X, for the kernel of the evaluation map ¢ and call X, the
space of vanishing sums. This space is directly related to the CT problem: by
definition, f(¢,) = 0iff f(x) € X,, provided deg f < n.

Thus, to solve the problem CT it is sufficient to check that the polynomial
f(z) belongs to the space of vanishing sums. This approach does not require any
approximation of the value f((,). Instead, we need a technique to operate with
vectors of polynomially bounded sparseness in a space of exponentially large
dimension. For this purpose we use a representation of V,, as a tensor product
of polynomially many factors such that the space of vanishing sums has a nice
description in terms of this tensor decomposition (see Theorem 4).

At first, we recall the well-known characterization of the space of vanishing
sums.

Lemma 1 ([17]). X, is spanned by polynomials

jat—1
iy L (7)

where p runs over all prime divisors of n and 0 < j < n/p.

Proof. The cyclotomic polynomial ®,,(z) is the greatest common divisor of poly-

nomials
z" —1

an/p — 1

(any non-primitive root (7 is a root of some polynomial /P — 1 where p is a
common prime divisor of n and j). O



To obtain a compact form for the generators (7) we use a tensor decompo-
sition of V,, in the form

Vi = ® Vo ® Vn/P (8)
k=1
where P = pips...p.. This decomposition was introduced by Lam and Le-
ung [13] (see also [21]). It can be defined as follows. The isomorphism maps a
vector e; from the canonical basis to the tensor product of basis vectors:

ej = ej ®ej @ - Qe Dejr. (9)
In (9) j/ = j mod n/P and jj is the t5-th digit in pg-ary representation of j:

i=38+ i+ i L de=50 (10)
Ezample 1. Let n =30=2-3-5and j =9. Then j; =1, jo =0, j3 =4,
j' = 0. Note that for a square-free n we have j; = j mod pg. In this case the
last factor in the decomposition (8) is 1-dimensional so it can be omitted.
Example 2. Let n = 144 = 2%3% and j = 15. Then j; = 1, jo = 2 (15 =
0+2-3+4+1-3%), " =15mod 24 = 15.
To check that (9) defines an isomorphism we apply the following lemma.

Lemma 2. The mappingt: j — (j1,...,Jk,J') is a bijection of the set{0,...,n — 1}
onto

{0,...,p1 — 1} x -+ x{0,...,pr — 1} x {0,...,n/P — 1}.

Moreover, both maps ¢ and 1= can be computed in polynomial time provided the
factorization of n is known. The map ¢ can be computed in time O(log3 n) and
the inverse map v=1 can be computed in time O(log* n).

Proof. Let us describe the inverse map ¢~!. The numbers j; and j’ mod pfc’rl

determine the residue of 5 modulo p’,i":
4 mod pfj = jkp}i’“_l + 5’ mod pfj_l. (11)
By the Chinese remainder theorem j mod n is determined by residues modulo
tr
Dy -
Applying efficient algorithms for modular arithmetic (see, e.g., [3]) we get
the second statement of the lemma.
Note that the tg-th digit in pg-ary representation of n can be computed by
the Horner scheme using O(ty) arithmetic operations. Since

2Zk tk < lel;k =n,
k

the overall number of arithmetic operations is O(logn). All operations are
applied to (logn)-bit integers. So, a division takes O(log®n) time. Thus, com-
putation of the map ¢ takes O(log® n) time.



To compute the inverse map ¢~ one should compute the residues j mod pff

using (11) and apply the algorithm reconstructing j by these residues. The first
step takes O(r(loglogn)?) arithmetic operations with O(log n)-bit integers. The
second can be done by r applications of the extended Euclid algorithm. Each
application takes a time O(log3 n). Since r < logn, we get the time bound
O(log4 n) for the computation of the inverse map ¢~ *. O

Note that the isomorphism (9) maps vectors of the canonical basis {e;} of V;,
to the vectors of the canonical basis of the tensor product in the right-hand side
of (8). Applying it to a vector of sparseness m we obtain a vector of the same
sparseness in the tensor product. Lemma 2 implies that this transformation can
be done efficiently.

To describe X, in terms of tensor decomposition (8) we define the vectors
1, €V, by

|
-

P

1= ey (12)

J

The next theorem is a reformulation of Lemma 1.
k

n’

Il
=)

Theorem 4. X,, = Ker ¢ is a sum of subspaces X7, where

X=X+ X2+ + X7, 13
XE=V,,® @V, , 0QaV,, ® oV, ®V,p, 1<k<r.
(Hereafter we identify X,, and its image by isomorphism (8).)

A stronger form of Theorem 4 is contained in the paper by Lam and Le-
ung [13, Theorem 2.2]. (They attribute the theorem to Rédei, de Bruijn and
Schoenberg.)

Proof. The exponents of non-zero terms in a generator
" —1
fik =

v x”/Pk —1
form an arithmetic progression modulo n:
Jh i+ —, ., jta—,... (a=0,...,pp—1).
Pk Pk
Note that an addition of n/py does not change j' and j, for s # k since it does
not change the residue modulo p’s. So, the k-th components of +(j) also form
an arithmetic progression

jk,jk+b,...,jk+ab,... (a:(),...,pkfl),

where b is a residue of n/ pfﬂ’“ modulo pi. This residue is non-zero. Thus the
k-th component takes all possible values. In terms of tensor decomposition this
means that f;, can be written as

€ ®  ®ej_, ®18¢),, ® B¢, Ve,
thus immediately implying (13). O



2.2 Kernel representation of the space of vanishing sums

To use Theorem 4 in the algorithm we rewrite (13) representing the space of
vanishing sums as the kernel of a suitable operator. The decomposition (13)
suggests the form of the operator as a tensor product of operators acting on
tensor factors of the decomposition (8).

For exact statements we need a bit of tensor linear algebra.

Lemma 3. Let Zk ur ® v = 0 and vectors uy are linearly independent. Then
vk = 0 for any k.

This simple and useful fact implies the following lemma.
Lemmad4. Let A: U — U’, B: V — V' be linear operators such that Ker A = 0,

Ker B = 0. Then Ker(A ® B) = 0. For arbitrary operators A, B we have
Ker(A® B)=Ker A® V + U ® Ker B.

Applying Lemma 4 inductively we obtain the expected form of the kernel of
a tensor product of operators. Let I, be the indentity operator on the space
Vi. (Recall that dim V,, = n.)

Lemma 5. Let A= ®]_,Ar®1,
on a space @1V, . Then

e be a tensor product of operators Ay acting

Ker A=YV, @ 0Kerdy @@V, @V, . (14)
k

Comparing (14) to (13) we conclude that the space of vanishing sums is the
kernel of a tensor product

A=Al (15)
k=1

for any set of operators Ay such that Ker Ay = Qink. Note that in this case
ng = pg for k <r and n.4q =n/P.

2.3 Using sparseness

Zero testing is thus reduced to checking that Af = 0, where A is defined by (15).
Until this point, the check may seem quite inefficient. To perform the check it
appears that one should operate in a space of exponentially large dimension and
use the prime power decomposition of n. To overcome both difficulties we take
into account the sparseness of f.

First, we will get rid of the complete factorization. We will instead use a
partial prime decomposition

n:ptll...pzzq , (16)

where p; are the prime divisors of n less than sps(f) + 1. Note that for an
instance of the problem CT the decomposition (16) can be computed efficiently
as pg are upperbounded by the input size.



Lemma 6. In the notation above Af =0 iff A,f =0 where

¢
A%:@Ak@)b\;, where N = en
k=1 i=1Pi

The proof of Lemma 6 is by induction using the following observation.

Lemma 7. Let f € Ker A). Expand f as a combination of the canonical basis
vectors

f= Z ajey, wheree;=ej @ --Qej, @ - -De€j . (17)

J=(J1sesJrigr+1)

Let S be the set of all possible values of jg in the expansion (17). If |S] < ny
then f € Ker A)_,.

Proof. Group terms of the expansion (17) with respect to the value of ¢-th
factor:

f:Zfs(X)eis ®ej,.

seS

Here f, € ®£;11Vnk. A
From Ker Ay = Q1,,, we conclude that the set {Ase;_}scs consists of linearly
independent vectors as well as the set {Age;. ® €5, }ses. Lemma 3 shows that

A’'f, =0 for any s where A’ = 2;11 Ap. Thus 4),_,f=(A"®1,,)f=0. 0O

In order to avoid operations with exponentially long vectors in testing the
equality Af = 0 we restrict the operator A on the coordinate subspace spanned
by the canonical basis vectors from the support of the vector f.

By f we denote a vector produced from f by removing zero components and
by A we denote a matrix formed by columns of matrix A indexed by elements
from the support of f (see Fig. 1(a)). Conditions Af = 0 and Af = 0 are
equivalent by construction. It is a well-known fact from linear algebra that the
latter condition is equivalent to ATAf = 0.

AT A

R=
=

AT A =0

N
N
I

(e}

(a) (b)

Figure 1: Truncating dimension
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Note that AT A is a (sps(f)xsps(f)) minor of the matrix AT A (see Fig. 1(b)).
For A} introduced in Lemma 6 it is easy to express a matrix element of A’ ZTA' ;
in terms of matrix elements of A. Indeed,

¢
n
ATA =R AL AL @ Iy, where N = —;
k=1 [lizipi
To compute a matrix element with indices (j1, ..., g, Jp41) and (575 ..., j/'s 1)

one can compute the product of matrix elements

¢
H (AgAk)jLJL’ 0(Jos1J51)-
k=1

2.4 Description of the matrix multiplication algorithm

The algorithm computes the vector A’ (Tfl; f of dimension sps(f) and compares
it with zero vector.

There is a freedom in choice of operators Ag. To be in accordance with the
earlier version of the algorithm (see [23]) we choose operators Ay defined by the
following (ny — 1) X ng-matrices

1 -1 0 0
1 0 -1 0 (18)
10 ..... 0 ........ B 1
It is clear that Ker A = Qink and
n,—1 -1 -1 -1
AzAk _ -1 1 0o ... 0 (19)
_1 ..... 0 0 ......... 1

A detailed description of the algorithm is presented in Fig. 2. Correctness of
the algorithm follows from the above consideration. Let’s estimate the running
time of the algorithm. The preprocessing steps 1-3 can be done by O(klogn)
arithmetic operations with O(logn) integers. By Lemma 2 the step 4 takes a
time O(k log® n). On the step 5 O(k? logn) arithmetic operations are performed.
So, this step takes a time O(k?log®n). On the final steps 6-7 O(k?) arithmetic
operations with O(max(logn,log H(f))-bit integers are performed. So, these
steps take a time O(k? max?(logn, log H(f))).

Thus, the overall time bound for the matrix multiplication algorithm is
O(sps®(f)L3), where L = max(logn,log H(f)).

11



Input: an integral polynomial f(x) given in sparse form and an integer
n. The degree of f is less than n.
Output: “Yes” if f(¢,) =0, “No” otherwise.

1. If f(x) is a zero polynomial, then return “Yes”.

2. Let k be the sparseness of f(z). Write n = p{'p? - - p'q, where
p1, P2, - ,pr are primes less than k+1 and ¢ does not have prime
factors less than & + 1.

3. Compute P=py -...-py.

4. For each j from the support set of f compute the index list
(91,72, -+ 1, Jip1) by the rules

Jm < tm-th digit in p,,-ary representation of j for m </,

Ji+1 < j mod n/P.

5. Compute matrix elements of a k x k matrix M using the index
lists by the rule

!
M(5',5") = 6(jos159041) H Ms,

s=1
Ds, 1f]; = ];/ = 07
—1,if j. =0 and j7 #0 or j. # 0 and ;7 =0,

0 otherwise.

6. Compute vector b of dimension k by the rule
b(j) = > M(i,m)fm.
mesupp f

Here j,m run over the support set of f and f,, is the m-th
coefficient of f.

7. If all components of b are zero then return “Yes”. Otherwise
return “No”.

Figure 2: Matrix multiplication algorithm for zero testing
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3 Recursive algorithm

In this section we present a recursive algorithm for the cyclotomic test. First
observe that if n is a prime and f(z) is a nonzero integral polynomial of sparse-
ness less than n, then f((,) cannot be zero. This fact can be derived from the
following theorem originally due to Chebotarev.

Proposition 1. If n is a prime, then any minor of the matrix (¢¥)1<; j<n is
not zero.

There are many proofs of the Chebotarev theorem. For an elementary one,
see [22]. By studying selected minors of the matrix (¢%)1<;i j<, when n is not
a prime, we show that if f is a nonzero integral polynomial and all the prime
factors of n are greater than sps(f), then the cyclotomic integer f({,) can
not be zero. If n has small prime factors, then from a sparse cyclotomic integer
f(¢n), our algorithm produces a list of sparse cyclotomic integers in smaller field,
such that f((,) is zero iff all the elements in the list are zero. The algorithm
applies the procedure recursively on each cyclotomic integer in the list until we
reach a field where the zero testing problem can be easily solved. The recursion
can have many levels. As the recursion goes deeper, the number of cyclotomic
integers increases, and in some cases, the sum of their sparseness also increases,
nonetheless we are able to show that the algorithm runs in polynomial time.

3.1 Key lemmas for derandomization

It is well known that the ring of integers in cyclotomic field Q(¢,) consists of
all the elements in Z[(,]. The field automorphism of Q((,) is isomorphic to
(Z/nZ)*. For an integer i € (Z/nZ)*, let ¢ denote the field automorphism
which sends ¢, to ¢!. Then for any integral polynomial f, we have

oD (f(Gn)) = £(S).
First we prove a general lemma

Lemma 8. Let E be a subfield of F. Let ay,as, -+ ,ap be elements in F.
If there exist k field automorphisms 01,09, ,0%, € Gal(F/E) such that the
matriz

oi1(en) o1(az) o1 (o)
oa(o1) o2(az) o2 (o)
V= )
op(oan) op(az) - op(an)
s monsingular, then ai, a9, -+ ,af are linearly independent over E .
Proof. Suppose that a1, as, -, ap are linearly dependent over E. Then there
exist ai,aq, -+ ,ar € FE such that Zle a;o; = 0 and a; # 0 for at least one 3.

Hence Jj(Zle a;o;) = Zf:l a;0;(c;) =0 for all 1 < j < k. This means that

13



the vectors

0'1(&1) Ul(ag) al(ak)
oa(aq) oa(a) oa(ay)
orlar) or () orlan)

are linearly dependent over 2 C F'. Thus the matrix V is singular, which leads
to a contradiction. O

Let k be positive integers and f be an integral polynomial given in sparse
form with sps(f) = k. Writen = pflpg"’ . -plﬁlr, where p1, pa, - - - , p; are distinct
primes less than k + 1 and r is free of prime factors less than k + 1. Note that

it may be hard to factor r. As observed in [15, 10], f(¢,) = 0 iff

2" —1 divides f(z) H(m”/” —1).

p|n

If the expansion of the latter polynomial has a short sparse representation, then
we can check quickly whether ™ — 1 divides it or not by replacing z¢ in the
expansion with ¢ ™°4 " and testing whether we have a zero polynomial or not.
Thus if r = 1 and I < 2, then we can solve the zero testing problem of cyclotomic
integers efficiently.

For q € {p17p2a e aplar}a since Crc; = <$q+b = (Cg)agfl where a and b are
quotient and remainder respectively of division of e by ¢, we can write f((,) in
the following form

9 (GGt + g1 (GG + -+ 91 (GG (20)

such that exponents e;,e;_1,---,ey fall in ¢t different classes modulo ¢, and
gi(x)’s are sparse polynomials. We divide the zero testing problem of (20) into
three cases:

1. ged(g,n/q) =1 and t < ¢, which includes the case that ¢ = r; or
2. ged(g,n/q) = 1 and t = ¢, which implies that ¢ is a prime; or
3. ged(q,n/q) > 1, which implies that ¢2|n.

Each case will be handled by one of the following lemmas.

Lemma 9. Ift < q and ged(q,n/q) = 1, then the cyclotomic integer (20) is
zero iff 9i(Cnyq) is zero for all 1 < i < t.

Proof. We shall show that (£, (22, - - , (¢t are linearly independent over Q(¢?) =

Q(Cnyq)- For 1 <i <t,set s; = 1+ (i — 1)T'n/q, where T is an integer that
is congruent to (n/q)~! (mod ¢). Since for every i, s; mod n/q = 1 and s;

14



mod ¢ =i < ¢, so ged(s;,n) = 1 and ¢ € Gal(Q(¢,)/Q), which fixes Q(Cnyq)-
We only need to prove the matrix

(S A (€ IR (60

0(52)(@21) 0(52)(C§2) 0(52)(@?)
vV = ) . .

ol(¢r) olI(gr) - ol I(CE)

C;:lsl 45251 - Cfbtsl

2152 2282 e thSQ

Czllst CZ.?St . C;;;ﬁt

is nonsingular. In fact,

det(v) = (JJ ¢ x

C;l(sl_l) CEZ(SI_I) . fbt(sl_l)
C51(82*1) CfLZ(Sz*l) . th(Sz*l)
Qc;l(Stfl) sz(stfl) o Czt(stfl)
t
= ([T¢n =
=1
1
e1Tn exTn et Tn
Cn * Cn * Cn !
. )
el(t;l)Tn, e2(t;1)Tn, ’ et(t;l)Tn
CTL q CTL q . Cn a

where the matrix in the last line is Vandermonde. Hence

t

det(V) = chz H (CTeLan/q _ CTeLiTn/q)-

i=1  1<i<j<t

If e; # e; (mod gq), then e;Tn/q # e;Tn/q (mod n). Hence det(V) # 0 and

oGz, oo, (ot are linearly independent over Q((,/q) by Lemma 8.

O

Remark: The lemma implies that if n is free of prime factors less than
k+ 1, then f(¢,) cannot be zero if the sparseness of f is k .

Lemma 10. If ¢*|n, then the cyclotomic integer (20) is zero iff gi(Cn/q) is zero
forall1 <4 <t.

15



Proof. For 1 < i < t, we define u; to be 1 + (i — 1)n/q. Since for any prime
dividing n, it must divide (i — 1)n/q, we have that ged(u;,n) = 1. Tt is easy to
see that o(*) fixes Q(Cn/q)- Just like what we do in the proof of Lemma 9, we

compute the determinant of the matrix W = (U%ui)<<flj))1§i’j§t:

Celul C€2U1 . Cetul
n n n
C€1u2 Cezul e Cetu2
n n n
Gore e e G
t
= ([T~
i=1
Qe#(ulfl) QeLz(ulfl) L QeLt(ulfl)
Czl(m—l) sz(m—l) . CZt(UQ—l)
Cle(&t—m 452@—1) o Tebt@—l)
t
= ([T~
i=1
1 1 . 1
ein egn etn
qu qu AN qu
. . . . )
(t—;)eln (t—.l)EQn (tf.l)etn
CTL g CTL q AN CTL q

where we need to compute the determinant of a Vandermonde matrix in the
last line. Hence

t

det(w) = I ¢TI (6" =)

i=1  1<i<j<t

If e; # e; (mod q), then ejn/q # e;n/q (mod n). Hence det(W) # 0 and
oGz e Gt are linearly independent over Q((,/,) by Lemma 8.

n ron ?

O

The remaining case is that ¢t = ¢ is a prime and ged(g,n/q) = 1. In this case,
the ¢ integers n/q,2n/q,--- ,(q¢—1)n/q and n fall in different classes modulo g,
so we can rewrite (20) in the form

G1(CHEM T+ go(CIICET -+

+Gq-1(CGHETI™ T+ Go(CR) (21)
Lemma 11. If g is a prime and gcd(q,n/q) = 1, then the cyclotomic integer
(21) is zero Zﬁgl(Cn/q) = g?(Cn/q) == §Q(Cn/q)
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Proof. We have that
L (/a4 G20 4 DM = 0,
Hence 1 = —(1/9—¢2"/9 ... ¢{a7D™/9 Qubstituting this into (21), we obtain
(91(C2) — G (¢ +

(92(C1) — Gq(CE))CAM T +
e (Gg-1(CY) = Gq(¢h))Clam1m/a, (22)

Lemma 9 implies that (22) is zero iff §;(¢%) — §4(¢2) =0forall 1 <i < g—1.
That is equivalent to

gl(Cn/q) = gQ(Cn/q) == gq((n/q)'

3.2 Algorithm and time complexity analysis

Based on the lemmas in the previous section, we shall take a divide-and-conquer
approach to design a zero testing algorithm for sparse cyclotomic integers. To
guarantee polynomial time complexity, when Lemma 11 applies, we pick the
g (z) with fewest number of nonzero terms among all g;(z)’s in (21), and
test whether §;(G,/q) — Grm(Cnyq) equals to zero for all 4+ # M, 1 <14 < q. The
algorithm is described in Figure 3, whose inputs consist of an integral polynomial
f(z) given in sparse form and an integer n. The degree of f is less than n. The
algorithm outputs “Yes” if f(¢,) = 0. Otherwise it outputs “No”.

Theorem 5. The algorithm zerotesting(f(x), n) runs in time O(k*log n(logn+
logm)?), where k is the sparseness of f(x) and m is the height of f(x).

The following lemma is useful in proving the theorem.

Lemma 12. Lett > 4 be a positive integer. Let a1 < as < --- < ay be positive
integers. Then

1. (Zf‘:l a'i)2 > ZZ:I a?;
2. (X0 a)? >0 o(ai +ar);

17



1. If f(z) is a zero polynomial, then return “Yes”.

2. Let k be the sparseness of f(x). Write n = p'lglp'g2 -~plﬁlr, where
Pp1,P2, - ,p; are primes less than £ + 1 and r does not have prime
factors less than k£ + 1.

3. If r=1and ! <2, then if

(e" = DIf (@) [J (""" = 1),

pln
return “yes” else return “no”.

4. Let q = maX{php% e 7plvr}' Write f(CI’L) as

ge(GG + -+ 92(G G2 + g1 (GG

where e; #Z e; (mod q) for 1 <i < j <t. If ¢*|n, or t < g, go to Step 6.

ot

. Rewrite f((,) in the form:

FCHC + GaCCET 4
+§’q71(43)<£‘1—1)n/q + 9q(G);

Let gar(x) be the polynomial with minimum number of nonzero terms
among all g;(z); Do

q(z) <« gqi(x) —gu(2)

gv-1(x) — gu-1(z) — gu(z)
gm () —  gu1(w) — gu()

gi-1(z) = Gi(x) — gu(x)
t t—1.

|

6. If for all 1 <4 < t, zerotesting( g;(z),n/q ) outputs “yes”, then return
“yes”, else return “no”.

Figure 3: Algorithm zerotesting(f(z), n)
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Proof. The first inequality is trivial. For the second one, we have

(Z a;)? = (a; +a1)?
j i=2
= Za + Z 2a;a;

1<i<j<t

—Za —(t—1a ZQalaz
= Z 2a,a; — ( t—2)a§

2<i<j<t
> 0

Now we are ready to prove Theorem 5.

Proof. This algorithm is recursive. There are at most 22:1 B; +1 <logn many
recursive levels. For 1 < 7 < Zé:l Bi + 1, let [gi1(x), gia(), -, gin, (z)] be
the list of polynomials that are inputs of zerotesting in the recursive level
i. At the first level, there is only one polynomial f(x). Namely, hy = 1 and
g11(z) = f(x). We shall show that for 2 <i < Zézl Gi + 1,

o owstlgu@) < Y sps’(gon);(@). (23)
1<j<h; 1<j<h;_1

Without loss of generality consider the function call of zerotesting(g(;—1)1(x), n’).
Suppose that in Step 4, we write g;_1)1((nr) as

gl((n’/q)gi} + 92(Cn’/q)<7? +---+ gT(Cn’/q) ZT

and that g; has sparseness a; for 1 < j < 7. Then sps(gi—1)1(x)) = 25:1 a;.
Again without loss of generality, assume that a; < ag < --- < a,. Suppose that
gi1(z), giz(x), - -+ , git(x) are handled in Step 6 of zerotesting(gi_1)1(z),n’).

The sparseness of ¢;1 (), gio(x),- -+, gie() are either aj,aq,- - , a, respectively,
or are at most as +a1,as + a1, - ,ar + aj respectively. In both cases, we have
> sps(gi5(x)) < sps®(gii—1)1(x))-

1<j<t

Sum up for all g;_1y;(z), 1 < j < hi—1, we prove (23).

At the first level, there is only one polynomial with sparseness k. The
algorithm will have at most log n many levels and will never handle more than k2
many sparse cyclotomic integers in any recursive level. Each cyclotomic integers
will have sparseness no larger than k, and have height no larger than nm,
because in the worst case the height can only be doubled as the algorithm goes
down one level. Therefore the time complexity is O(k?logn x k(log(nm))?) =
O(k3logn(logn + logm)?). O
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4 Cyclotomic array testing

As it was mentioned both algorithms can be expressed in terms of operations
with sparse vectors of exponentially large dimension. For better understanding
of this feature we introduce a more general problem cyclotomic array test (CAT
for brevity).

Note that the primality of dimensions of the tensor factors in the decompo-
sition (8) is not essential for the decomposition (13). Discarding this primality
condition leads to a notion of a cyclotomic array that was introduced by Stein-
berger in [21].

We define a cyclotomic array of type (n1,...,n,;n,41) as a vector from the
subspace

X=PV, @ 0V, 00V, @ 0V, @V, (24)
k=1

of the space V=V, ®---®@V,

MNpg1®

The support set supp f of a vector

f= Z Jityjrin€ih ® €, ®...Qej,,, €V

j17~~-=jr+1

is a set of all (j1,...,jr4+1) such that f; . ;. # 0. As above, sps(f) stands
for a cardinality of support set (sparseness).

Comparing (24) and (13) shows that vanishing sums are cyclotomic arrays
satisfying the following conditions on dimensions:

— n;, 1 <1i < r, are pairwise distinct and form the set of all prime divisors
of the total dimension dimV = H:ill n;;

— if p is a prime divisor of n,.;1 then p = n; for some i.

Due to Lemma 5 the kernel representation for cyclotomic arrays has the
same form as for vanishing sums.

The CAT problem is stated as follows.

Input: integers nq,nso,...,n.;n,.11 and a list containing m pairs (ay, )
where ay is integer and I is a (r + 1)-tuple of indices (all integers are writ-
ten in binary).

Output: “Yes” if the vector )~ ; aye; is a cyclotomic array and “No” other-
wise.

The CAT problem is a natural generalization of the CT problem. It is worth
mentioning that the CAT problem is related to the transportation problem and
to the marginal distributions of multivariate probabilistic distributions. Cyclo-
tomic arrays form a right kernel of a planar multiindex transportation prob-
lem [24]. A link to marginal distributions is based on the following fact. If two
n-variate distributions p; and py have the same (n — 1)-variate marginal distri-
butions then p; — po is orthogonal to a space of cyclotomic arrays. Applications
of the CAT algorithms to these problems are the subject of future research.
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Now we are going to show that both algorithms can be modified to solve the
CAT problem.

The matrix multiplication algorithm. The modification of the algo-
rithm for the CAT problem starts from the step 5 (matrix computation) because
the input of the CAT problem contains all data used in the final part of the
matrix multiplication algorithm.

Note that the asymptotics of time complexity of the modified algorithm
does not change. So, the running time of the algorithm is O(sps?(f)L?), where
L =logmax; ;(nj,ar).

The recursive algorithm. The modification of the algorithm for the CAT
problem decreases tensor dimension recursively. It corresponds to decreasing of
the degree of a root of unity in the basic version of the algorithm represented
in Figure 3.

To check that a vector f is a cyclotomic array of type (;0) the algorithm
checks that the component of f is zero (in this case there is only one component).
This step corresponds to the Step 3 in the basic version.

To check that a vector f is a cyclotomic array of type (nq,...,n.;n,41) the
algorithm partitions indices (j1,...,jr, jr+1) from the support set according to
the value of j,41. The vector f can be expressed as a sum

F=Y f where fij= > fre, (25)
jes Jijrg1=J

and S is the set of all possible values of j.;; in the support of f. Then the
algorithm checks that each f; is a cyclotomic array of type (n1,...,n,;0). This
step corresponds to the Step 4 in the basic version when g = r.

To check that a vector f is a cyclotomic array of type (ni,...,n,;0) the
algorithm partitions indices (ji,...,J,) from the support set according to the
value of j,.. The vector f can be expressed as a sum

F=Y 1t where fi= > fre, (26)
jes Jijr=j

and S is the set of all possible values of j,. in the support of f.

If |S| < n, then the algorithm checks that each f; is a cyclotomic array of
type (nq,...,n,—1;0). This step also corresponds to the step 4 in Figure 3 when
t<q.

Otherwise the algorithm finds a vector f;, with the smallest support and
check that each vector f; — fj, is a cyclotomic array of type (ni,...,n,-1;0).
It corresponds to the Step 5 in Figure 3.

The correctness of the modified Step 4 follows from Lemma 7. To prove the
correctness of the modified Step 5 we need one more lemma.

Lemma 13. Let
’ﬂlfl
f= Z es ® fs € X,
s=0
Then es @ (fs — fsr) € Xy, for all for all s,s'.
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Proof. Form a vector

ny—1

f/:i®fs’: Zes®fs’-

s=0

By construction, fy € X,,. The lemma follows by applying the argument of the
proof of Lemma 7 to the vector f — f’. O

The size of recursion tree is estimated in the same way as in the proof
of Theorem 5. To estimate the running time of the modified algorithm we
note that on each recursive step the algorithm sorts indices and makes ad-
ditions/substractions. Let k be the sparseness of f. The sorting takes a
time O(klogk) and the addition/substraction takes a time O(r 4+ L), where
L = log max; ;(n;,ar) is the bit length of integers involved and r is the depth
of the recursion tree (each recursive step can double coefficients). The running
time of a recursive step is thus O(klogk + k(r + L)). Since there are no more
than O(k?r) recursive steps, the overall running time of the modified algorithm
is upperbounded by k3r(logk +r + L).

Remark. One can reduce the CT problem to the CAT problem. This
reduction is actually the part of the matrix multiplication algorithm (steps 1-
4 in Fig. 2). Combining the reduction and the modified recursive algorithm
for the problem CAT we get another efficient zero tesing algorithm. It’s time
complexity is O(sps(f)log® n + sps®(f)logn(log sps(f) + logn + log H(f)).

5 Torsion point problem

We prove Theorem 3 in this section. Recall that it claims TP € NP. The input

of the TP problem is a list of multivariate polynomials f1, ..., fi € Z[z1,..., 24
in sparse representation and a list of positive integers nq,...,nq. The output is
“Yes” if the system of equations

fl(g;) :fz(iﬂ) =... :fk(x) :x?l 71:...:mzd —1=0 (27)

has solutions in C? and “No” otherwise.

We show that CT € P implies TP € NP and thus Theorem 3 follows from
Theorem 1.

The argument is straightforward. Coordinates of a solution of the sys-
tem (27) can be expressed as powers of a primitive root of the degree n =

szl ng. Note that logn is less than the input size. So, there is a short cer-

tificate (aq,...,aq) for a solution x; = (,” of a instance of the problem TP.
To verify the certificate we express the values of the polynomials fi,..., fi at
the point ({21, ...,(%?) as cyclotomic integers and perform zero testing for each

cyclotomic integer. It is easy to see that substitutions of (;’ and grouping terms
according to powers of (,, can be done in polynomial time.
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6 Concluding remarks

In this paper, we study the zero testing problem of sparse cyclotomic integers
and some related problems. We present two deterministic polynomial time
algorithms for the zero testing problem of sparse cyclotomic integers.

An immediate generalization of this problem: check whether

f( 76117C76127"' ’Cvezk) =0

for a multivariate polynomial f(z1, 22, - ,2) given by a formula and the expo-
nents ey, ea, . .., e; and the degree n are represented in binary. For this problem
the randomized argument outlined in Subsection 1.1 works well. So, the prob-
lem is in the class BPP. But the formula representation is more succinct than
the sparse representation, which makes the derandomization harder. It is open
whether this problem is in P.

Note also that if we use the circuit (straight-line program) representation of
the polynomials then the randomized argument fails. In this case coefficients of
polynomials can be doubly exponentially large. The complexity of this circuit
zero testing is upperbounded by a finite level of counting hierarchy [1] (in par-
tiular, the problem is in PSPACE). Lower complexity bounds for this problem
are unknown.

Another interesting open problem is to decide whether ) jed a;Cl is posi-
tive or negative if it is known to be real. This sign determination problem of
sparse real cyclotomic integers appears to be much harder than the zero testing
problem. It is related to the sum of square roots problem [11, 8], a famous open
problem in computational geometry, which asks to determine the sign of

N T O (28)

where a; and b; are positive integers. For a prime p, the square of the principle

. L DI O
Gaussian sum y ¢_| ()¢ is p or —p. Hence \/p € Q(Csp). Here () is the
Legendre symbol:

)=

p

i 1, if ¢ is a quadratic residue modulo p,
—1, if ¢ is a quadratic nonresidue modulo p.

Applying this observation, we can write (28) as sum of at most Zle ai+2f:1 b
many t-th roots of unity, where ¢ | (4 Hle a; Hf:l b;). As a result, we obtain a
sparse cyclotomic integer, assuming that a;’s and b;’s are bounded from above
by a polynomial function on k. This means that we reduce the problem of
comparing sums of square roots to the sign determination problem of sparse
cyclotomic integers when a;’s and b;’s are small. Note that it is still open
whether the former problem is in NP or not, even in the case when a;’s and b;’s

are bounded from above by a polynomial function on k.
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